This document is made available in accordance with publisher policies. Please cite only the published version using the reference above. Full terms of use are available: Abstract With the aid of atomistic multiscale modelling and analytical approaches, buckling strength has been determined for carbon nanofibres/epoxy composite systems. Various nanofibers configurations considered are single walled carbon nano tube (SWCNT) and single layer graphene sheet (SLGS) and SLGS/SWCNT hybrid systems. Computationally, both eigen value and non linear large deformation based methods have been employed to calculate the buckling strength. The non-linear computational model generated here takes into account of complex features such as debonding between polymer and filler (delamination under compression), nonlinearity in the polymer, strain based damage criteria for the matrix, contact between fillers and interlocking of distorted filler surfaces with polymer. The effect of bridging nanofibers with an interlinking compound on the buckling strength of nanocomposites has also been presented here. Computed enhancement in buckling strength of the polymer system due to nano reinforcement is found to be in the range of experimental and molecular dynamics based results available in open literature. The findings of this work indicate that carbon based nanofillers enhance the buckling strength of host polymers through various local failure mechanisms.
Introduction
Over the last few years, the investigation of carbon nano-materials has brought substantial progress, particularly in relation to the understanding of their mechanical [8, 12, 19, 42, 44, 46, 48, 49, 51, 54, 62, 63] and electrical [15, 24-26, 31, 58, 64, 69] properties. These nano-structures have several applications as nanofillers for the reinforcement of polymer-based composite materials [3, 14, 16, 28] . In order to manufacture these nano-composites, different production methods have been proposed. For instance, graphene sheets can be mechanically exfoliated from graphite, chemically modified and then embedded in a polymeric solution [52] . Another alternative consists of dispersing graphene sheets in an organic solution to be used as stable fillers in polymers [57] . Furthermore, CNT-reinforced polymer composites can be manufactured by casting them in a polymer solution [11] . CNTs can also be dispersed in a solvent by sonication techniques.
Then, they are mixed in a polymer liquid followed by evaporation of the initial solvent [45] .
Methods to determine instabilities in SWCNTs under axial compression can be traced back to mid 1990s. Yakobson et al. [60] employed a body potential based technique to study the buckled shapes of SWCNT under compressive loads. The earliest computational work on buckling of graphene was done in late 2000s. Wilber et al. [59] used both continuum and atomistic approaches to simulate buckling in pair of interconnected graphene sheets. The buckling of such nano structures has also been computed using nonlocal continuum mechanics [33] [34] [35] [36] . A molecular dynamics based study [10] on multi walled carbon nano tubes (MWCNT) revealed that only the outer layers of thick MWCNT undergo deformation under buckling loads. Saavedra Flores et al. [40] used hyperelastiticy to describe post buckling behaviour of SWCNTs, using atomistic simulations. Zhang et al. [68] dispersed oxidized SWNTs in polycarbonate matrices and reported 51% rise in buckling strength of the resulting composite structure. The experimental buckling strength of an epoxy-graphene platelet composite system, exceeded that of analytical buckling strength in the work of Rafiee et al. [37] . The authors suggested that the enhancement in the load transfer between the filler and matrix is the responsible for such discrepancy. The molecular dynamics based simulations in a SLGS/polymer system, have revealed delamination of SLGS under applied buckling loads [13] . Vodenitcharova and Zhang [56] used Airys stress function based analytical approach to calculate buckled deflections under bending loads on a SWCNT-Titanium composite system and demonstrated a localised ovalisation of the SWCNT.
In 1998, the buckling of a MWCNT-polymer film composite system was observed experimentally [29] . The authors reported a compressive strength that is two orders of magnitude higher than the strength of any conventional fibre at that time. Parashar and Mertiny [32] developed an RVE (representative volume element) that can simulate compressive buckling in SLGS-polymer composite system across multiple length scales. Li and Chou [23] presented a multiscale model to compute the compressive strength of SWCNT reinforced polymer RVE. To the authors' knowl-edge no work exists in the literature that considers high fidelity numerical simulation of nano reinforced polymers involving hybridisation and inter-bridging of fibers.
In order to predict the mechanical behaviour of graphene sheets and carbon nanotubes, several computational techniques have been proposed in the literature [8, 40, 41, 44, [49] [50] [51] 54] . One of these approaches is the finite element method, a technique which has been used successfully in engineering during the last decades and that has recently been used in the analysis of carbon nanostructures by Scarpa et al [8, 46, 48, 49] and Pour et al [43, 44] , among others.
Scarpa et al [8, 9, 46, 48, 49 ] proposed a numerical model in which the interatomic C-C bonds are replaced by equivalent (deep shear Timoshenko) beams with stretching, bending, torsional and shear deformation properties. These properties are determined by means of an equivalence between structural and molecular mechanics. In order to determine the mechanical behaviour of each interatomic bond, force constants are introduced within a harmonic potential function. The geometric configurations and mechanical properties are represented as truss assemblies (Finite Elements), for which the total potential energy associated to the loading conditions is calculated.
The final thickness and equilibrium lengths of the bonds correspond to the minimum potential energy configuration of the nanostructure. SLGS/SWCNT-reinforced nano-composites are represented by stiff nanoinclusions embedded in a softer polymeric surrounding matrix. SLGSs/SWCNTs can be modelled by an array of hexagonally-oriented beam elements. These beams represent the SP 2 covalent bonds, while the nodes of the same elements represent carbon atoms. At the meso and nanoscale level, the polymer matrix can be assumed as a continuum. Thus the polymer matrix can be modelled by an arrangement of 3D solid tetrahedral finite elements. In physical reality the polymer matrix is connected to carbon atoms through weak van der Waals forces, when no functional groups exist.
These van der Waals forces can be represented by LJ potential forces. LJ potential attractive and repulsive forces between the inclusion and the matrix can be modelled by spring elements.
This approach has been used by Li et al. [22] and Shokrieh et al. [50] to describe the mechanical response of epoxy/SWCNT composites.
With the aid of this numerical approach, five different geometrical configurations of nanocomposites involving one or two nano fillers in each one are studied in the present work. Namely SWCNT nano-composite ( Fig. 1 ), SLGS nano-composite ( Fig. 2 ), SWCNT-SWCNT nanocomposite ( Fig. 3 ), SLGS-SLGS nano-composite ( Fig. 4 ) and SWCNT-SLGS nano-composite (refer Fig. 5 ). In the nano-composites involving two nano-fillers, a chemical interlinker consist-ing of an Aliphatic diamine (CH 2 ) 10 N 2 H 4 has been introduced to investigate its effect on the buckling strength.
Critical buckling load of nano-fibre reinforced epoxy polymer system are calculated analytically and numerically. In the latter case, numerical eigen-value buckling and nonlinear bucklingcollapse analyses are performed. The non linear buckling analysis takes into account detailed features such as damage and non linearity in the polymer and in the filler, debonding/delamination and contact/interlocking of fillers/polymer. Therefore this analysis will be referred to as high fidelity analysis (HFA). The effect of different filler configurations on the buckling strength is investigated. A finite element-based multiscale approach is presented to simulate the buckling behavior of SLGS/SWCNT-reinforced nano-composites. At the macroscale level, the polymer matrix is represented by 3D solid elements with three translational and three rotational degrees of freedom per node. The weak interatomic bonds between the matrix and the fibre are modelled by nonlinear springs with mechanical properties governed by the LJ potential. At the nanoscale level, we adopt the atomistic-FE approach to describe the mechanical behaviour of SLGSs and SWCNTs. Nonlinear geometric displacement regime is considered in our finite element analyses.
Multiscale model of the composite structure
As commented previously, SP 2 covalent bonds in SWCNTs and SLGSs are modelled by deep shear Timoshenko beams. In order to perform all of our computational simulations, we select the finite element commercial software ABAQUS T M version 6.10 [1] and its B31 beam element to model the covalent bonds. This type of element has three translational and 3 rotational degrees of freedom with shear correction. Here, we model each C-C bond beam with a length of 0.142 nm (the equilibrium length of C-C SP 2 ) and equivalent diameter of 0.089 nm [49] . The properties of the beams are calculated from the force constants given below [49] :
In the above equations, k r represents the stretching force constant and k τ the out-of-plane torsional constant. The force constant k θ represents combined in-plane rotation (i.e., bending and torsion), which is consistent with the harmonic potential approach [49] . The term Φ is the shear correction factor, which becomes significant if the aspect ratio of the beam is lower than 10 [53] . The above constants can be obtained from the Morse or Amber potential models [49] .
According to the Morse model, the values of the force constants are k r = 8.74 × 10 −7 N mm −1 , k θ = 9.00 × 10 −10 N nm rad −2 and k τ = 2.78 × 10 −10 N nm −1 rad −2 . For those readers interested in further information on this methodology, we refer, for instance, to [46, 47, 49] . With the above values of force constants, it is straightforward to obtain Table 2 with the equivalent properties of the C-C bond beams for the modelling of SLGSs and SWCNTs. In the current work the non linearity and damage of covalent bonds in SLGS/SWCNT plays a vital role in deciding the buckling strength of host polymer. An equivalent stress-strain curve for SP 2 C-C covalent has been implemented under both comprehension and tension. This stress-strain curve is based on the modified Morse potential bonds derived by other authors [5, 6, 17, 30, 55] . The points on the curve are shown in Fig. 7 . The single C-C bond shows a non linear regime under both tension and compression at larger strains [5] . Under buckling loads on nanocomposites in the current work, the C-C bonds are subjected to larger strains of both tension and compressive nature. Based on the inflection point in C-C bonds determined by This means if the strain in beam elements representing covalent bonds goes beyond 19%, then their stiffness will be reduced to zero.
Similar to that of C-C bonds, the mechanical properties of other bonds in the inter-linker can also be obtained by universal force field (UFF) [2, 39] . These mechanical properties are presented in Table 3 .
Graphene sheets are linked to the polymer matrix by means of van der Waals interaction forces, which can be represented mathematically as:
where, r is the atomic displacement along ij (fibre-matrix length). As per Girifalco et al [18] , Fig. 7 : Points of the stress-strain curve for C-C bonds [5, 6] the force between the atoms (ij) can also be represented by
where, y = r min + δr, δr is the atomic displacement along the length ij. The r min (inÅ) is given by 2 1 6 σ, where σ = (A/B) 1/6 . Here, B and A are attractive and repulsive constants associated to the corresponding boundary conditions, with values of 3.4 × 10 −4 eV ×Å 12 and 5 × 10 −7 eV ×Å 6 , respectively [4, 18, 50] . The constant ǫ is given by the expression B 2 /(4A). In our multiscale models we use the nonlinear spring element SPRINGA to simulate this interaction in ABAQUS T M , with an equivalent force-deflection curve given by Eq. 5. We note that this approach has been used recently to model the attractive and repulsive forces between adjacent layers of multi-layer graphene sheets [8] .
3D solid elements with six degrees of freedom per node are selected to model the matrix. The type of element used in ABAQUS T M is C3D4. In order to make optimum use of computational time, the mesh density of the matrix is set to ensure that, there lies a coincident node in the 3D matrix on top each carbon atom in the filler. Isotropic material properties are assumed to represent the mechanical behavior of an epoxy matrix, with Young's modulus of 2.0 GPa and Poisson's ratio of 0.3 [61] . A curve based on experimental work by Littell et al [27] , is adopted to capture the material tensile and compressive nonlinearity present in the matrix, with a corresponding stress-strain curve given by Fig. 8 . A strain-based damage criterion based on the approximated maximum elongation in the formerly mentioned curve, is assigned to the matrix, such that the stiffness of those finite elements strained over 20 % is zero. Newton-Raphson solver with switch on large deformation effects has been performed on the nanocomposites [1] . The simulation has been run until the filler structure becomes unstable due to fracture strain in C-C bonds.
We note that during our simulations, the interface bonds (spring elements) between the filler and the matrix are deactivated if the deflection developed is greater than the cut-off distance of 0.85 nm [50] . Similarly, new interatomic bonds are regenerated if a displaced carbon atom comes in contact with another atom of the matrix. The nodal displacements in the nonlinear spring elements (interface bonds) are measured at each load step. If the nodal displacement is found to exceed the cut-off distance, the analysis is stopped and restarted with an updated position of the nodes belonging to the spring elements. This process analysis stop and restart is referred to as debonding and rebonding mechanism in the present work. This computational routine is implemented in Python programming language within ABAQUS T M . We remark here that one of the main motivations to choose ABAQUS T M for our analyses is its capability to incorporate damage laws in composites along with the use of user-defined subroutines written in Python. In the context of finite element analysis, the numerical buckling mode is calculated by [1] :
In the above equation, K 0 is the stiffness matrix at base state, K δ is differential stiffness matrix, λ i is the vector of Eigen values v i is the vector of buckled mode shapes. In the case of HFA simulations, the iterative equations to be evaluated are:
Where i indicates the iteration number, K i is the jacobian matrix, c i+1 is difference between approximate and exact solutions of the deflection u, u i and u i+1 are the solutions for deflection u at ith and i+1th iterations respectively, F i is the vector of force components and is also a function of u i . The above equations are solved iteratively until the term c i+1 becomes negligible. Once the convergence is obtained, the secondary variables such as strains and stresses are computed using the vector u i . For comprehensive understanding of the above mentioned numerical procedures, the readers are referred to ABAQUS T M documentation [1] .
The dimensions chosen for nano composite structures makes the structure slender. Analytically, the critical load required to buckle such slender structure can be calculated by Euler's formula. The boundary conditions considered here are simply supported at one end (simulating symmetry) and load applied at the other end of the column (Fig. 1) . The classical Euler's formula of buckling under such conditions takes the form of [7, 21] :
Where P Cr is the critical buckling load, I is the moment of inertia, L is the length of the column and E c is the Youngs modulus of the composite system derived from rule of mixtures [20] shown below.
In the above relations, E f is the elastic modulus of the fibre, E m is the elastic modulus of the matrix, V f is the volume fraction of the fibre, V m is the volume fraction of the matrix.
Results and discussions
The buckling strength computed by Eq. 11 has been compared with the numerical solutions shown in Table 3 . In this analysis two realistic weight fractions are considered. These are 0.05 % and 0.1 % [38] . The Eq. 11 predicted 7% and 24% enhancement in buckling strength due to filler weight fractions 0.05 % and 0.1 %, respectively. However the enhancements predicted by the numerical models are found to be higher than those predicted analytically, for a given volume fraction. The interfacial mechanisms of the computational atomistic simulations are responsible for such discrepancies. A similar trend has been observed in some experimental works [37, 68] . The analytical critical buckling load calculated for the neat matrix (P m ) is very close to the numerical prediction. As per the Eigenvalue analysis, the configuration of fillers associated with the highest buckling resistance is the SLGS-SLGS type. In regards to HFA solutions, the configuration SWCNT-SWCNT offers the highest buckling resistance. In HFA simulations, geometrical distortions in SWCNTs (ovalisation) lead to interlocking of these fillers resulting in increased buckling resistance. Such geometrical distortions are observed only in HFA simulations, but not in Eigenvalue analysis. This is due to the fact that HFA includes large deformation effects. In general, it can also be observed that the increase of the filler weight fraction from 0.05% to 0.1% enhances the buckling resistance, up to 69% (as per HFA SWCNTinterlinker-SWCNT model). Weight fractions higher than those studied here can be difficult to obtain due to dispersion issues [52] . Table 3 also shows that the introduction of chemical inter-linkers between fillers increases further the buckling strength. This is in agreement with previous works [65] [66] [67] that indicate alleviation of the structure performance due to chemical linkers between fillers. In general, the increase of the buckling resistance due to the inclusion of nano-reinforcements is comparable with those values reported by other authors [32, 37, 68] and shown in Table 4 .
In HFA methodology, one end of the structure has been supported and an increasing load has been applied at the other end (refer to Fig. 1 ). This load has been increased progressively in small steps until the (slender) structure becomes unstable. During this incremental analysis, the sudden decrease in load required to cause deflections in the structure indicates the onset of collapse or buckling. The magnitude of stress (in Mpa) at this step is the critical buckling load or compressive failure stress. This process has been shown in the Fig. 10 . In the initial segment of the curve, the load required to cause the deflection increases in smaller magnitudes.
This shows a lower value of slope for the curve during the initial increments. This is due to the fact that the applied load is mainly taken by the polymer (refer Fig. 1 ). This slope is found to be the same for all the curves (and the volume of the polymer is approximately the same for all the simulated nanocomposites). At a strain of about 0.4%, an increase in the slope is observed. This indicates that the load is transferred to filler from the surrounding polymer.
Beyond the initial portion of the curve, the nanocomposite with weight fraction 0.1% requires a higher load to deform the structure, when compared to the nanocomposites with 0.05 %.
After the initial segment of the curve, the slope of the nanocomposite with SLGS-SLGS remains constant. But for those nanocomposites involving SWCNT-SWCNT and SLGS-SWCNT, the slope changes at a strain level 0.15 level close to 4 nm. This is due to the ovalisation of SWCNT tubes, which causes fillers to rub each other and consequently enhance the buckling resistance.
However, this effect might not lead to such strength enhancement if the distance between the fillers is greater than the one adopted in our simulations. The ovalisation of SWCNTs will also lead to an interlocking between fillers and the surrounding polymer. Fig. 10 shows that the nanocomposite with SWCNT-interlinker-SWCNT filler offers the highest resistance. The magnitude of the compressive strength in this particular nanocomposite is found to be 148
MPa, whereas the compressive strength of the nanocomposite with SWCNT-SWCNT filler is found to be 145 MPa. That is, the introduction of additional chemical interlinkers among fillers can enhance further the compressive strength. 
Conclusion
Buckling strength has been calculated for SLGS, SWCNT and SLGS-SWCNT hybrid nanocomposites by a multiscale computational modelling framework. Here, two numerical approaches have been adopted: an eigenvalue analysis and a non linear high fidelity analysis (HFA). The proposed multiscale models have taken into account the complex failure mechanisms found in nanocomposite structures. These models have been able to reproduce buckling mode shapes and capture local structural behaviour of nanocomposites at failure. In both numerical analyses, the predicted critical buckling load has shown strong dependency on the filler types and their configurations. The results of our two numerical approaches have been compared with the analytical solutions obtained from continuum theory. Lower buckling loads have been determined by the analytical method. These low values can be attributed to the detailed modelling of the interface between fillers and the matrix. The eigenvalue buckling analysis has indicated an increase up to 50% in the buckling strength of the composite system due to the nano reinforcement of two SLGSs. The HFA has shown an increase of 69 % due to the nano reinforcement of two SWC-NTs. Such differences between the two numerical strategies indicate the necessity of high fidelity numerical models in nanomechanics. The interfacial characteristics such as contact surface area between the filler and the matrix, contact among fillers and the strength of bonding between the filler and the matrix play a vital role to predict accurately the buckling response. Furthermore, the introduction of a chemical interlinking compound between two nanofillers enhances the buckling strength of the nanocomposite.
Thus, the complex and intricate micro-mechanisms of interaction found among fillers, interlinkers and the matrix of nanocomposites have shown great influence on their buckling response.
These features have been captured successfully by the present multiscale modelling approach, paving the way for further investigation on the mechanics and physics of nanocomposite materials.
